We numerically simulate the formation of (2 + 1)-dimensional baby Skyrmions and (3 + 1)-dimensional SU (2) Skyrmions from domain wall collisions. It has been suggested that Skyrmion, anti-Skyrmion pairs can be produced from the interaction of two domain walls. This is confirmed, however it is also demonstrated that the process can require quite precise conditions. An alternative, more stable, formation process is proposed as the interaction of more than two segments of domain wall. This is simulated, requiring far less constraints on the initial conditions used.
Introduction
The Skyrme model [1] is a (3+1)-dimensional theory that admits soliton solutions, called Skyrmions, which represent baryons. This has been well studied [2] with solutions calculated for a large range of charges [3] .
The baby (or planar) Skyrme model [4] is the (2+1)-dimensional analogue of the Skyrme model. Baby Skyrmions are also manifest in their own right in condensed matter physics, such as in ferromagnetic quantum Hall systems [5] , and more recently observed in chiral ferromagnets [6] .
In this paper we consider both the (2 + 1) baby Skyrme model and the full (3 + 1) SU (2) Skyrme model. We simulate the collisions of domain walls in such a way as to form stable soliton anti-soliton pairs. Normally domain walls will annihilate, however if they interact in such a way as to produce the correct winding in the target space, then soliton anti-soliton pairs can be formed. In the (2 + 1) model, this consists of the domain walls intersecting to form a ring, with the phase changing by some multiple of 2π around the ring. In the (3 + 1) full Skyrme model, there is an additional field and dimension which is needed to wind correctly, this time with the domain walls forming a spherical object in the physical space.
There is a large amount of increased interest in how solitons can be formed, especially in the baby Skyrme model, due to it's proposal for use in spintronics and condensed matter memory systems [7, 8] . There is also interest in the interaction of large domain wall systems and Skyrmions, which is discussed later.
(2+1) Baby Skyrme Model
The baby Skyrme model has the form of a non-linear modified sigma model, described by the Lagrangian density
where greek indicies run over time and spatial dimensions (µ = 0, 1, 2) and φ(x, t) is a unit vector field, φ = (φ 1 , φ 2 , φ 3 ). For finite energy we require φ to be a vacuum at spatial infinity, hence it can be viewed as a map from the compactified physical space, R 2 ∪ {∞} = S 2 , to the target space S 2 . Since the second homotopy group π 2 (S 2 ) = Z there is an integer valued winding number associated to the map, which is characterised by the topological charge,
Due to our choice of potential there are two choices of vacuum denoted φ ± ,
3) Figure 1 : Annihilation of two domain walls by the formation of bridges that interpolate the phase of the walls, forming in such a way as to produce a winding effect. With the correct winding, a soliton anti-soliton pair are formed
The inclusion of the mass term breaks the O(3) symmetry to O(2) × Z 2 , the selection of a vacuum on the boundary of the physical space then breaks the symmetry further to an O (2) symmetry. While other mass terms exist, there needs to be at least two choices of distinct discontinuous vacua to allow domain walls to form. In fact for the purposes of baby Skyrmion formation, it is optimal for these disconnected vacuua to lie on antipodal points of the target S 2 space.
Domain walls are walls of energy that interpolate from one vacuum to another (here φ ± ). Normally they have no topological charge in and of themselves, however special domain wall solutions have been found that do contain winding [9, 10] . This winding is given stability due to the constraining domain wall.
It has been suggested that baby Skyrmion solutions can be formed from domain wall collisions [11] . If the domain walls collide in such a way as to form channels between them, with the correct winding round the loops formed, then baby Skyrmion anti-Skyrmion pairs can be formed, as shown in figure 1. Note that this doesn't break topological charge invariance as a soliton anti-soliton pair has been formed.
If we consider the process in terms of the target space, the domain walls traverse between the two antipodal vacua of the target S 2 . The domain walls intersect at points along their length. To achieve this, a bridge must form that sweeps around the target sphere to match the field configuration of the opposite domain wall. The bridge essentially has a choice, it can sweep one of two ways around the target space. If you have two bridges form adjacent, that wind round the target space in the opposite direction, then when they coalesce, a loop has formed that winds round the target space once.
While this has formed a baby Skyrmion or anti-Skyrmion (depending on which way round the bridges formed), topological charge invariance wont be broken. This is due to domain walls being infinitely long or forming in loops, which segment areas of space into different vacuum. If we return to the example presented before where the domain walls meet and form only two bridges, which wind correctly. We can consider these bridges as physical objects that propagate along the walls in both directions. If the walls are infinitely long then the bridges will meet opposite bridges on both sides forming a soliton anti-soliton pair. Hence a chain of soliton anti-soliton pairs can form. If the domain walls are loops, then the bridges will meet at the initial interaction point, however they will then propagate around the walls and meet again to produce the opposite winding.
Baby Skyrmion Formation Examples
Simulations of the nonlinear time-dependent PDE that follows from the variation of 2.1 were performed using a fourth order Runge-Kutta method, on a grid of 501x501 grid points, with 4 th order finite difference derivatives. We used Neumann boundary conditions (the spatial derivative normal to the boundary vanishes), which allows the domain walls to move unhindered. In theory the domain walls are infinitely long (or formed from systems of domain wall loops), however in any simulation or experimental system we deal with a finite segment.
We first simulate the process outlined in figure 1 , however this requires our initial conditions to be highly constrained. Domain walls by their nature want to minimise their length (become straight in R 2 ). They also want to match the phase of any other incident walls. You can see the production process of a soliton anti-soliton pair from two domain walls in figure 2 . If the phases are correctly wound, then the pair forms and ultimately annihilates. In this simulation we have perturbed two standard straight domain walls to simulate bridges forming and winding the phases round. However this doesn't naturally happen in a simulation, as the walls will normally collide across their length, having equalised their phases across the length of the walls. It is possible that this could occur in a domain wall network, where there are more interactions occurring with other domain walls in the system. It is likely the walls could then meet on a scale far larger than the size of a Skyrmion and hence the bridges formed would not affect each other initially, allowing opposite directions around the target space to be selected.
To produce a production process in which we don't have to heavily constrain the initial conditions, we have to add an additional domain wall. The formation process for a single soliton can be seen for 3 domain walls in figure 3 and for 4 domain walls in figure 5 . Note that we are now only considering the part that forms the soliton, not the matching anti-soliton that should be formed further down the domain wall interaction.
We observe that the domain walls will try to match their phase with the domain walls on either side of them, causing the phase to partially wind along the length of the wall. Should the phases of each incident domain wall be well separated, then the winding around all the domain walls will produce a single charge soliton, as the walls annihilate with each other.
The large amount of kinetic energy makes keeping the resulting soliton stable quite challenging, hence the process was repeated with high damping, resulting in figure 4. Here the resulting soliton remains constant and the topological charge has also been plotted showing an increase from B = 0 to B = 1. You can see that this has occurred due to a discontinuous deformation made to the system, moving the domain wall away from the boundary of the space. This requires damping to counteract this but allows the topological charge to be artificially changed.
In figure 5 you can observe a single soliton being formed by 4 domain walls in a similar manner. If you wind the incident phases in the 4 wall case round the target space twice it should be possible to form a charge 2 soliton instead of a charge 1. However you will require the same stringent initial conditions as with the 2 domain walls forming a This leads us to conclude that multiple interacting domain walls have a higher chance to produce a baby Skyrmion, rather than the highly constrained requirements of two domain walls annihilating. This idea can be put into practice in a condensed matter system. Here the formation of baby Skyrmions at will is of great interest. If three domain walls were to meet at a bifurcation point (Y-junction) in a system, then the chances of producing a stable soliton would be quite high. The difficulty would arise in having phases that are well separated. This can be achieved by considering a theory that promotes certain phases for domain walls. To achieve this a mass term can be used that breaks the traditional O(2) symmetry of the theory to some dihedral group. Such a potential has been studied in [12, 13] (shown in 3.1) that breaks the symmetry to a D N subgroup, a sensible choice would be to set N equal to the number of incident walls, ensuring their phases are well separated.
This term has the correct D N symmetry however there is a subtlety in that it creates new possible vacua, that are no longer antipodal. Hence domain walls can now form at the N points on the equator of the target space where (φ 1 + iφ 2 ) N = 1.
For the optimal potential we must remove these vacua while keeping the dihedral symmetry and add two antipodal vacua, which is quite simple mathematically, t = 0 t = 100 t = 200 t = 250 t = 266 t = 270 t = 274 t = 282 t = 288 t = 296 Figure 5 : Energy density plot of four incident domain walls with different phases. They match phases and create the correct winding. This could create a charge 2 solution if two adjacent wall phases were swapped, due to the field needing to wind twice. It is likely a larger scale is needed for this to occur however. The plot is coloured by the phase θ = tan
where α 1. In practice this potential seems somewhat artificial, though it serves the purpose of demonstrating how a system should be constrained, to allow increased production of the correct winding to form baby Skyrmions.
Domain Wall Systems
One system in which a baby Skyrmion can be formed is a system of interacting domain walls. This consists of vacua separated by domain walls in loops, that want to annihilate to reduce the energy of the system. We will consider simple interactions, that may occur between loops of domain walls, in such a way as to create baby Skyrmions. Note that as we are no longer considering infinite objects, the energy of the system is now finite. It also allows us to set the boundary of our system to be the same value φ + , and Neumann boundary conditions are no longer required.
A single interaction has been drawn in figure 6 , showing how two loops, if they form bridges, can produce a temporary local topological charge density. Note that it may seem again that we have broken topological charge invariance, however the produced Skryrmion winding is counteracted by the winding of the domain wall surrounding it, which winds in the opposite direction. This may not be obvious at first, as the phase winds in the same direction for both objects. However, the surrounding domain wall interpolates φ 3 in the opposite direction, hence producing negative winding to the baby Skyrmion in the centre.
The numerical simulation of 2 domain wall loops interacting can be seen in figure 7 . The numerics here have a high damping term to ensure the baby Skyrmion is stable and to prevent the domain wall loops collapsing quickly. Note that while a large system is considered here, one may expect domain wall systems to be of an order much larger than the size of a single baby Skyrmion. The local charge density is created in the centre of the resulting domain loop, however the charge of the entire system remains zero. The domain wall then collapses in on the baby Skyrmion, ultimately annihilating.
A less constrained case is modelled with 3 domain wall bubbles meeting at various points in figure 8 (here quite symmetrically, though this is merely a product of minimising the size of the grid used). This time 3 bridges are formed, these meet and form a baby Skyrmion at the centre of the system. The bridges create a partial winding on the surrounding domain wall loop that spread out. Ultimately the domain wall loop shrinks and annihilates with the interior baby Skyrmion. The values for φ 3 are also shown in figure 9 to demonstrate the vacua structure at various times of the simulation.
The final simulation, seen in figure 10 demonstrates 4 bubbles meeting to form a soliton and anti-soltion. The fractional windings annihilate around the surrounding domain wall loops. The soliton and anti-soliton are well separated hence don't annihilate. The domain wall boundary collapses in absorbing the solitons into the wall. The windings then annihilate around the domain wall boundary as it collapses.
These simulations represent what may happen at the meeting of two domain wall bubbles. It is also possible that bubbles may meet in several places forming chains of Skyrmion anti-Skyrmion pairs, as with the examples in the previous section. This means in a large system of domain walls one would find a complicated system of local charge distributions, within some walls which have sections of fractional winding, that effectively shield the exterior space from observing any change in topological charge.
It would be interesting to consider whether the interior system and interactions could be represented by what occurs on the boundary in some way. It would also be interesting to consider how the fractional winding sections interact with each other when traversing the domain wall.
(3+1) Skyrme Model
The Lagrangian density for an SU (2) valued Skyrme field U (t, x) is given by,
where R i = (∂ i U ) U † is the right su (2) valued current and m π is a constant mass parameter. The associated energy for a static Skyrme field U (x) is, Figure 6 : Annihilation of two domain wall bubbles. Bridges form, interpolating between the phase of the two domain walls that wind correctly to form a Skyrmion. As the bridges annihilate a Skyrmion forms and some fractional winding is created on either side of the boundary domain wall. The fractional winding sections on the domain wall cancel the winding of the Skyrmion as the domain wall interpolates φ 3 in the opposite direction to the interior Skyrmion. The various vacuum regions the domain walls interpolate between are denoted φ ± . Figure 7 : Energy density plot of two domain wall bubbles meeting and forming a local winding and a baby Skyrmion. The wall has two points of fractional winding that cancel the interior baby Skyrmion. The fractional windings spread as the wall contracts ultimately annihilating with the interior baby Skyrmion. The initial conditions are highly constrained to produce the correct winding. The plot is coloured by the phase θ = tan Note that both of the above expressions have the parameters preceding the first two terms scaled out. We can reclaim a similar formulation as the (2 + 1) model by writing everything in terms of the pion fields, using the SU (2) nature of the field U = σ + iπ · τ , where τ is the triplet of Pauli matrices and π = (π 1 , π 2 , π 3 ) the triplet of pion fields.
We have imposed a mass term to give us two vacua, noted as U ± = ±1 2 . For finite energy we again require lim |x|→∞ U = U ± . This gives us the map U : R 3 ∪ {∞} = S 3 → S 3 , and hence a topological charge as an element of the 3rd homotopy group, equivalent to an integer B ∈ π 3 (S 3 ) = Z,
It is proposed that Skyrmions can be formed in a similar manner to the planar model, from the collision of two domain walls. Here again domain walls are energy configurations arising from the interpolation between the two vacuum sates, namely U ± .
Skyrmion Formation Examples
Simulations of the nonlinear time-dependent PDE that follows from the variation of 5.1 were performed using a fourth order Runge-Kutta method on a grid of 101x101x101 grid points. We used Neumann boundary conditions (the spatial derivative normal to the boundary vanishes), which again allows the domain walls to move unhindered. We first simulate the proposed formation method of two incident domain walls. The initial conditions have to be more constrained than in the planar case and can be seen in figure  11 . The addition of an extra field as well as an additional dimension, makes producing the correct winding quite challenging. The formation process can be observed in figure  12 .
We now present a similar solution as the planar case, with multiple incident domain walls. Due to the additional difficulties in producing the correct winding, we have used Figure 12 : Simulation of two domain walls meeting to form a single soliton. The initial conditions (given in figure 11 ) are highly constrained. The plot is an isosurface of σ = 0 with colours based on the value of π 1 (colours match the colour bar in figure 11 ). The final panel is the resulting stable Skyrmion blown up so it is visible, the configuration matches the previous panel.
6 domain walls, to produce the required affect, which can be seen in figure 13 . This should be attainable using a fewer number of domain walls however the simulations are challenging to set up (partly this is due to the field not being able to change in the corner of the simulation with our chosen boundary conditions).
Finally, a (3 + 1) domain wall system is extremely difficult to simulate. However the results should follow a similar form to the results presented for the (2 + 1) dimensional system. The main difference is the increased difficulty in forming the correct conditions for the correct winding of all 3 fields. Though the increased computing power needed due to the additional spatial dimension is also somewhat restrictive.
Conclusions
We have demonstrated several situations in which Skyrmion solutions can be produced by domain wall interactions in both the (2 + 1)-dimensional baby Skyrme model and the (3 + 1)-dimensional SU (2) Skyrme model. We also demonstrated that using more than 2 domain walls, decreases the required constraints on the system for formation to occur. It is possible that these techniques could be utilised in condensed matter systems to produce Skyrmions. We have also modelled the interactions of domain wall networks, demonstrating how Skyrmions can be formed within these. It was shown that for the topoloigcal charge to remain conserved, a counteracting winding was formed along the boundary of the system. This paper has raised a few interesting questions that have gone unanswered here. Firstly, how feasible would this method be for forming Skyrmions in a condensed matter system at a bifurcation point (Y-junction). Also, could a condensed matter system be used to give the D N symmetry to the incident domain walls, to increase the probability of formation to occur. Secondly, does the counteracting winding on the boundary of a domain wall system, allow any information regarding the interior winding to be attained. To understand this we are likely to need to understand the nature of interactions of the bridges, or fractional winding segments that propagate around the boundary. Finally it would be interesting to be able to make some statistical predictions on the formations of Skyrmions in a large domain wall network. This may also be able to be related to the excitation of a vacuum state of a system, to see if Skyrmions could be formed this way, in a non-perturbative manner.
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